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Abstract
In this paper we propose a superfield description for all Bianchi-type cosmological models.
The action is invariant under world-line local n = 4 supersymmetry with SU(2)local ⊗
SU(2)global internal symmetry. Due to the invariance of the action we obtain the constraints,
which form a closed superalgebra of the n = 4 supersymmetric quantum mechanics. This
procedure provides the inclusion of supermatter in a sistematic way.
I. INTRODUCTION
In the absence of a fundamental understanding of physics at very high energies and, in
particular, in the absence of a consistent quantum theory of gravity, there is no hope, at
present, to meet an understanding of the quantum origin of the Universe in a definite way.
However, in order to come nearer to this presently unattainable goal it appears desirable
to develop highly simplified, but consistent models, which contain as many as possible
of those features which are believed to be present in a future complete theory. Spatially
homogeneous minisuperspace models obtained by dimensional reduction from (1 + 3) to (1
+ 0) dimensions have, therefore, played an important role in quantum cosmology.1 On the
other hand, there are several reasons for studying locally supersymmetric theories rather
than non-supersymmetric ones. Four-dimensional model with local supersymmetry called
supergravity (SUGRA) theory, leads to a constraint which can be thought of as square root of
the Wheeler-DeWitt constraint, and it is related to it in the same way as the Dirac equation
is related to the Klein-Gordon equation.2 However, due to the technical complexities, the
early papers on canonical supergravity 3 make no attempt at exploting this idea, but content
themselves with setting up the canonical formalism and discussing the classical constraint
algebra in terms of Poisson (or Dirac) brackets.
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In the case of SUGRA theories one can find one-dimensional supersymmetric quan-
tum mechanics (SQM) models by reducing four-dimensional N = 1 SUGRA coupled to
supermatter.4 For this purpose it is necessary to consider the homogeneity of space, that is,
the metric and the matter fields are independent of spatial coordinates, as a consequence
one has a finite number of degrees of freedom. Thus, the study of the associated quantum
model becomes analogous to a supersymmetric quantum mechanical problem. The hope we
have in these models is that they could give us the notion of the full quantum theory of
SUGRA. The supersymmetric quantum cosmological models have been intensively studied
with the hope to get a consistent quantum theory for the cosmological models. However,
not all the results obtained in supersymmetric quantum cosmology have their counterpart
in the full theory of SUGRA. Some of these problems have already been mentioned in two
extensive works.5
More recently, we have proposed a new approach to investigating the supersymmetric
quantum cosmology.6 In this approach we started with the action of the spatially hom-
ogeneous minisuperspace models and proceeded with supersymmetrization. Because the
starting action preserves the invariance under local time reparametrization, then the super-
symmetric action must be invariant under the extended local symmetry (supersymmetry).
In order to have a local n = 2 supersymmetry in 6, the odd “time” parameter θ and its
complex conjugate θ¯ were introduced. This involved introducing the superfield formulation,
because superfields defined on superspace allow all the component fields in a supermultiplet
to be manipulated simultaneously in a manner, that automatically preserves supersymm
etry. This approach has the advantage of being simpler than the proposed models based on
full SUGRA 4,5,7, and by means of this local symmetry procedure it gives the corresponding
fermionic partners in a direct manner. Using the superfield procedure we have constructed
the superfield action for all Bianchi-type models.8 The inclusion of the real scalar matter
fields, as well as the parameter of spontaneous breaking of local supersymmetry were dis-
cussed in Ref. 9. Using the last results a normalizable wavefunction was obtained for the
FRW model in Ref. 10. Although these models do not attempt to describe the real world,
they keep many features occurring in four-dimensional space-time, which could really be
studied in the quantum versions of simplified models.
The most physically interesting case is provided by n = 4 local supersymmetry, since it
can be applied to the description of the systems resulting from the “realistic” N = 1, D = 4
SUGRA subject to an appropriate dimensional reduction down to D = 1.
In this work we extend the transformations of time reparametrization to the n = 4
local supermsymetry with SU(2)local⊗ SU(2)global internal symmetry for all Bianchi-type-A
cosmological models, and we give a procedure for including other matter fields in a sistematic
way. This paper generalizes the n = 4 construction described in Ref. 11. The extension
presented is desirable for two reasons: 1) supersymmetric minisuperspace models are related
to full N = 1, D = 4 dimensional SUGRA by dimensional reduction to (1+ 0) dimensions.8
By such reduction N = 1, D = 4 SUGRA goes over to an n = 4, D = 1 supersymmetric
model; 2) the gravitational field should be coupled to a supersymmetric matter field, like a
complex scalar field.
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II. N = 4 SUPERCONFORMAL TRANSFORMATIONS AND THE ACTION
The Bianchi models are the most general homogeneous cosmologies with a 3-dimensional
group of isometries. These groups are in a one-to-one correspondence with 3-dimensional
Lie algebras, which were classified long time ago by Bianchi. There are nine distinct 3-
dimensional Lie algebras, and consequently nine types of Bianchi cosmologies. The 3-metric
for each of these models can be written in the generalized coordinates
ds2 = Gµν(q
λ)dqµdqν , (1)
where the generalized coordinates qλ(α, β+, β−) with ν = 0, 1, 2 span the minisuperspace
with the metric Gµν , which we may choose as flat, making use of the fact that the metric in
minisuperspace is fixed only up to an arbitrary conformal factor, written as exp[2ω(q)]. All
Bianchi-types models are conformally flat, i.e. its metric takes the form
Gµν(q) = e
2ω(q)G(0)µν , (2)
with G(0)µν = diag(−1, 1, 1). The inverse of this conformal factor appears in the potential of
each Bianchi model,
U(q) = e−2ω(q)U0(q), (3)
with the potential U0 = −(3)g(3)R, where (3)g is the determinant and (3)R is the scalar
curvature of the 3-metric. The action for the Bianchi type models may be written as
S =
1
2
∫ {
1
N
Gµν(q)q˙
µq˙ν +NU(q)
}
dt. (4)
The lapse function N(t) and the coordinates qµ(t) depend on the time parameter t only.
The action (4) is invariant under reparametrization of t′ → t + a(t), if the transformations
of qµ and N(t) are defined as
δqµ(t) = a(t)q˙µ, δN(t) = (aN).. (5)
That is, qµ(t) transforms as a scalar and N(t) as a one-dimensional vector and its dimen-
sionality is inverse to that of a(t). It is easy to see, that the action (4) gives a simple
one-dimensional model for the somehow interacting homogeneous “matter” field qµ and
gravity field N(t). Using the superfield formalism the n = 2 local SQM for cosmological
models was constructed in Ref. 6,8.
In the action (4), U(q) corresponds to the potential of each Bianchi-type models. This
potential may be written as
U(q) =
1
2
Gµν
∂φ
∂qµ
∂φ
∂qν
=
1
2
Gµνm
µmν . (6)
Thanks to this relation, the hidden symmetry of the cosmological models was found (see Ref.
7). This allows to construct a corresponding SQM. However, in this case the supersymmetry
is global. It is natural to demand, that any cosmological action is invariant under local
transformations. For this reason the more extended symmetry must be local.
3
To construct the superfield action in the world-line superspace (t, θa, θ¯a) [with t being
a time parameter, and θa and θ¯a = (θ
a)∗, where a = 1, 2 is an SU(2) index, being two
complex Grassmann coordinates] one introduces a real “matter” superfield Qµ(t, θa, θ¯a) and
a world-line supereinbein IN(t, θa, θ¯a) which has the following properties with respect to the
SU(2) n = 4 superconformal transformations of the world-line superspace 12 §
δt = Λ− 1
2
θaDaΛ− 1
2
θaD
a
Λ, δθa = iD
a
Λ, δθa = iDaΛ, (7)
δQµ = −ΛQ˙µ + Λ˙Qµ − i(DaΛ)(DaQµ)− i(DaΛ)(DaQµ), (8)
δIN = −Λ ˙IN − Λ˙IN − i(DaΛ)(DaIN)− i(DaΛ)(DaIN), (9)
where the overdot denotes the time derivative d/dt. The transformation law (8) for the
superfield Qµ shows that this superfield is a vector superfield in the one-dimensional n = 4
superspace, while the superfield INQµ is a scalar.12
The superfield Qµ obeys the quadratic constraints
[Da, D
a
]Qµ = −4mµ, DaDaQµ = 0, DaDaQµ = 0, (10)
and it is irreducible representation of n = 4 supersymmetry.12 The vector mµ depends on the
concrete cosmological model in consideration. For example, in the case of the Friedmann-
Robertson-Walker model mµ has the form m =
√
k/2, where k takes the value 1, 0,−1, and
the metric Gµν has one component G00 = −R (see Ref. 11).
The superfield IN obeys the constraints
[Da, D
a
]
1
IN
= 0, DaDa
1
IN
= 0, DaD
a 1
IN
= 0, (11)
which are imposed in order to have a one-to-one correspondence between the number of
transformation parameters and that of fields, and
Da =
∂
∂θa
− i
2
θa
∂
∂t
, D
a
= ∂
∂θa
− i
2
θa ∂
∂t
,
are the supercovariant derivatives. The infinitesimal superfield Λ, which appears in (7-9)
Λ(t, θ, θ) = a(t) + θaαa(t)− θaαa(t) + θa(σi)baθbbi(t)
+
i
4
(θθ)θaα˙
a
(t)− i
4
(θθ)θaα˙a(t) +
1
16
(θθ)(θθ)a¨(t), (12)
contains the parameters of the local time reparametrizations a(t), local supertranslations
α(t), α(t), bi(t) being a local SU(2) parameter of the world-line superspace.
§Our conventions for spinors are as follows: θa = θ
bεba, θ
a = εabθb, θ¯a = θ¯
bεba, θ¯
a = εabθ¯b, θ¯a =
(θa)∗, θ¯a = −(θa)∗, (θθ) ≡ θaθa = −2θ1θ2, (θ¯θ¯) ≡ θ¯aθ¯a = (θθ)∗, (θ¯θ) ≡ θ¯aθa, ε12 = −ε21 =
1, ε12 = 1.
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The constraints (10) can be explicitly solved, the solution is described by the superfield
Qµ(t, θ, θ) = q′µ(t) + θaλ
′µ
a (t)− θaλ′ aµ(t) + θa(σi)a bθbF i′µ(t) +mµ(θθ) (13)
+
i
4
(θθ)θaλ˙
′aµ − i
4
(θθ)θaλ˙′µa +
1
16
(θθ)(θθ)q¨′µ(t).
This superfield contains one bosonic field qµ and the Grassmann-odd fermionic fields (they
are four). λa(t) and λa(t) are their superpartner spin degrees of freedom, and F
b
a = (σ
i)baFi
are three auxiliary fields, where (σi)ba (i = 1, 2, 3) are the ordinary Pauli matrices.
The constraints (11) are described by the superfield
1
IN
(t, θ, θ) =
1
N(t)
+ θaψ
′
a(t)− θaψ′ a(t) + θa(σi)a bθbV ′i (t) (14)
+
i
4
(θθ)θaψ˙
′
a(t)− i
4
(θθ)θaψ˙′a +
1
16
(θθ)(θθ)
d2
dt2
1
N(t)
.
The superfield IN describes an n = 4 world-line supergravity multiplet consisting of the
einbein “graviton” N(t), two complex “gravitinos” ψ′a(t) and ψ
′
a(t), and the SU(2) gauge
field V ′i (t). The components of IN play the role of Lagrange multipliers. Their presence
mean that the dynamics of the model is subject to constraints.
The n = 4 superfield action for the Bianchi-type cosmological models invariant under
n = 4 superconformal symmetry has the form 11,12
S =
−8
κ2
∫
dtd2θd2θIN−1A(INQµ), (15)
where κ2 = 8πGN , GN is the Newtonian constant of gravity. The action (15) is the most
general superfield action, which can be constructed with respect to the n = 4 conformal
supersymmetry. A(INQµ) is an arbitrary function of the superfields INQµ called super-
potential. Note, that in the case of n = 4 local supersymmetry it is sufficient to construct one
invariant action possessing a minimal number of time derivatives, unlike of two invariants,
a kinetic part and the potential one, as in the case of n = 2 local supersymmetry.6
So, integrating (15) over the Grassmann coordinates θ, θ and making the following
redefinition of the component fields
ψ = N3/2ψ′, Vi = 2N(V
′
i +N(ψ
′σiψ
′
)), λµ =
√
N(λ′µ − qµψ′), (16)
F µi = 2
√
N{F ′µi − qµV ′i +
√
N
2
(ψ′σiλ
µ
) +
√
N
2
(λµσiψ
′
), } qµ = Nq′µ,
one obtains the component action
S =
∫ {
1
2N
GµνDq
µDqν + iGµν(λ
µ
D˜λν + λµD˜λ
ν
) +
1
2
GµνF
µ
i F
iν − 2
√
NΓµνρλ
ν(σi)λ
µ
F iρ
−2Γµνρ(ψλµλνλρ + ψλµλνλρ)−N(∂µΓνρσ)(λµλνλρλσ)− 2NGµνmµmν (17)
−4NΓµνρλµλνmρ + 2Gµνmµ(λνψ + ψλν)
}
dt,
where Dqµ = q˙µ − i(ψλµ + λµψ) is the supercovariant derivative, D˜λµ = Dλµ + Γµνρq˙ρλν ,
where Dλµ = λ˙µ − 1
2
V λµ is the SU(2) covariant derivative. In order to give a geometrical
form we have introduced in the action (17) the special metric
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Gµν(q) =
∂2A
∂qµ∂qν
A(qµ) = A(INQµ)|θ,θ=0, (18)
in this case the Christoffel connection takes the form
Γµνρ(q) =
1
2
∂3A(q)
∂qµ∂qν∂qρ
, (19)
and the Riemann curvature tensor
Rµν,ρσ = Γ
η
µσΓηνρ − ΓηµρΓηνσ.
In the action (17) the components Fi of the superfield Q
µ appear without derivatives
and, therefore, they are non-dynamical variables. We can eliminate Fi by means of their
equation of motion. Solving the equation of motion of the auxiliary fields Fi and substituting
the solution back into Eq.(17) we obtain the component action. From the component action
we derive the first-class constraints varying it with respect to N(t), ψ(t), ψ(t) and Vi(t),
respectively
H0 =
κ2
2
GµνPµPν + 2Gµνm
µmν + 4Dµm
νλ
µ
λν
−Rµν,ρσλµλσλνλρ − Rσρ,νµλµλσλνλρ (20)
−DµΓνρσ(λµλν)(λρλσ),
Qa = λ
µ
aPµ − 2iGµνλµamν + iΓµνρλµaλνλρ, (21)
Qb = λbµPµ + 2iGµνλ
bµmν + iΓµνρλ
µb
λνλρ, (22)
and
Fi = Gµνλµb(σi)abλνa, (23)
where H0 is the Hamiltonian of the system, Q
a and Qa are the supercharges, and Fi is the
generator of SU(2) rotations.
So, following the standard procedure of quantization of the system with bosonic and
fermionic degrees of freedom, we introduce the canonical Poisson brackets
{qµ, Pν} = δµν , {λaµ, π(λ)bν} = −δab δµν , {λµa , πb(λ)ν} = −δbaδµν , (24)
where Pµ, π(λ)aµ and π
a
(λ)µ
are the momenta conjugated to qµ, λµ and λ
ν
respectively. From
the explicit form of the momenta
Pµ =
1
κ2
Gµν{q˙ν − iκ(ψaλaν − λνaψa)} (25)
π(λ)aµ = −iGµνλνa, πa(λ)µ = −iGµνλaν , (26)
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one can conclude, that the system possesses the second-class fermionic constraints
Π(λ)aµ = π(λ)aµ + iGµνλ
ν
a, Π
b
(λ)µ
= πb
(λ)µ
+ iGµνλ
bν , (27)
since
{Πa
(λ)µ
,Π(λ)bν} = −2iGµνδab . (28)
Therefore, the quantization has to be done using the Dirac brackets, defined by any of two
functions F y G as
{F,G}∗ = {F,G} − {F,Πa} 1{Πa,Πb}{Πb, G}.
As a result, we obtain the following Dirac brackets for the canonical variables
{qµ, Pν}∗ = δµν , {λaµ, λνb}∗ = −
i
2
δabG
µν ,
{λaµ, Pν}∗ = −λaρΓµνρ, {λµa , Pν}∗ = −λρaΓµνρ, (29)
{Pµ, Pν}∗ = 2iRµν,ρσλρλσ.
The supercharges and the Hamiltonian form the following n = 4 SUSY QM algebra with
respect to the introduced Dirac brackets
{Qa, Qb}∗ = −iδbaH0, {Fj,Fk}∗ = ǫjklFl,
{Fi, Qa}∗ =
i
2
(σi)
c
aQc, {Fi, Qa}∗ = −
i
2
(σi)
a
cQ
c. (30)
On the quantum level we replace the Dirac brackets by (anti)commutators using the rule
i{, }∗ = {, }.
one obtains the non-zero commutation relations
[qµ, Pν] = iδ
µ
ν , {λaµ, λνb} =
1
2
δabG
µν (31)
[Pµ, λ
a
ν] = iΓµνρλ
aρ, [Pµ, λ
a
ν ] = iΓµνρλ
aρ
,
[Pµ, Pν] = −2Rµν,ρσλρλσ.
We observe that Pµ has properties of covariant momenta when acting on fermionic var-
iables λaµ and λ
µ
a . The superalgebra of the constraints generates the SU(2)local⊗SU(2)global
n = 4 superconformal transformations of the components of the superfields Qµ. In the
quantum theory the first-class constraints (20-23) associated with the invariance of the
action (15,17) become conditions on the wave function Ψ of the Universe. Therefore, any
physically allowed states must obey the quantum constraints
H0Ψ = 0, Q
aΨ = 0, QaΨ = 0, FiΨ = 0. (32)
The quantum generators H0, Q
a, Qa and Fi form a closed superalgebra of the n = 4 super-
symmetric quantum mechanics
7
{Qa, Qb} = H0δba, [Fi,Fj] = iǫijkFk, [Fi, Qa] = −
1
2
(σi)
b
aQb, (33)
[Fi, Qa] = 1
2
(σi)
a
bQ
b.
In order to obtain the quantum expression for the Hamiltonian H0 and for the super-
charges Qa and Qa we may solve the operator ordering ambiguity, for example following
the works.11,13
III. CONCLUSIONS
On the basis of the local n = 4 supersymmetry the superfield action for the Bianchi-
types cosmological models is formulated. It is shown, that the action (15) has the form of
the localized version of n = 4 supersymmetric quantum mechanics. Due to the quantum
supersymmetric algebra (33), the Wheeler-DeWitt equation, which is of the second-order,
can be replaced by the four first-order supercharge operator equations constituting its sup-
ersymmetric “square root”.
It would be very interesting to consider the interaction with matter fields and analize
the spontaneous breaking of n = 4 local supersymmetry. We hope, that for those more
general supersymmetric cosmological models than in Ref. 10, we can find a normalizable
wavefunction. The details of this study will be given elsewhere.
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